We develop previously unexplored methods for suppressing the light shift and its fluctuations in atomic clocks based on continuous-wave (CW) spectroscopy. These methods can be used for optical clocks on one-and two-photon transitions, as well as for rf clocks based on resonances of coherent population trapping and optical pumping clocks. These methods can be considered as CW analogs of recently-developed methods for Ramsey spectroscopy: a combined error signal in Ramsey spectroscopy [V. I. Yudin, et al., New. J. Phys. 20, 123016 (2018)] and generalized auto-balanced Ramsey spectroscopy [V. I. Yudin, et al., Phys. Rev. Appl. 9, 054034 (2018)], and which have already demonstrated their high efficiency in experiments. The proposed universal CW methods can be widely used both for high-precision scientific instruments and for commercial clocks of various types and purposes (including chip-scale atomic clocks), which have a huge sales market.
I. INTRODUCTION
Atomic clocks are currently one of the most soughtafter quantum devices whose operation is based on quantum physics laws. These devices have a large scope both in fundamental physics (testing various fundamental theories in micro-and macro-physics) and in the field of practical applications (global position systems, ground and space navigation, telecommunications, geodesy, etc.). The current state of the art, problems, and some prospects for the further development of atomic clocks of various types and purposes are well-presented in reviews [1] [2] [3] [4] .
The most important metrological characteristics of an atomic clock are long-term stability and accuracy. In this case, one of the main factors limiting these characteristics is the light ac-Stark shift of atomic levels under the action of laser fields. Therefore, during the evolution of atomic frequency standards, special attention was paid and is being paid to the study of the light shift, as well as to the development of methods for its suppression. Particular successes in this direction have been achieved over the past decade for atomic clocks based on Ramsey spectroscopy. This process was begun in Ref. [5] , where the method of the so-called hyper Ramsey spectroscopy was developed, which made it possible to reduce the light shift and its fluctuations for a reference atomic resonance by several orders of magnitude [6, 7] . Further development of the hyper-Ramsey approach has used new phase variants to build an error signal [8] [9] [10] [11] [12] [13] [14] . This allows for significant improvement in the efficiency of suppression * Electronic address: viyudin@mail.ru of the light shift in atomic clocks.
Auto-balanced Ramsey spectroscopy (ABR) is another effective approach that was first experimentally demonstrated in a 171 Yb + ion clock [15] . This approach was rigorously substantiated and generalized in Ref. [16] , and also realized in atomic clocks based on coherent population trapping (CPT) [17, 18] . For ABR, in addition to the stabilization of the clock frequency, a second loop controls a variable second (concomitant) parameter, which is an adjustable property of the first and/or second Ramsey pulses. An alternative method named combined error signal (CES) spectroscopy has been recently proposed to form the error signal for the stabilization of Ramseybased atomic clocks [19, 20] . In contrast to the ABR protocol, the Ramsey-CES method uses a single combined error signal, constructed by subtracting the error signals obtained from the two Ramsey sub-sequences with an appropriate normalization factor (calibration coefficient). This one-loop method offers light-shift mitigation and reduces the complexity of implementing the two-loop control system required for ABR-like protocols.
However, despite these significant advances in Ramsey spectroscopy, these successes had no significant effect on the development and improvement of commercial atomic clocks, which are in great demand and have different practical applications. This is because commercial clocks use, as a rule, continuous wave (CW) spectroscopy, while Ramsey spectroscopy is used very rarely. The main reason is that from the viewpoint of industrial production, the reliability and relative simplicity of devices come to the forefront, which makes CW spectroscopy in atomic vapor cells preferred. Moreover, in a number of important cases Ramsey spectroscopy does not make sense from a practical viewpoint at all. For example, such a situation holds true for modern opti-cal clocks using vapor cells with alkali atoms as for onephoton sub-Doppler spectroscopy with counterpropagating waves at the S→P transition (e.g., see Ref. [21] ), and also for two-photon spectroscopy at the S→D transition (eg, see Refs. [22] [23] [24] [25] ). Here, the practical inapplicability of the Ramsey protocol is connected to the short lifetime of the upper excited level (P or D). The same can be said about the atomic clock utilizing Doppler-free spectroscopy of molecular iodine in Ref. [26] .
While CW spectroscopy has broader utility, universal methods to mitigate the light shift as with the ABR-like and CES-like protocols had not been developed. To date, several approaches to the problem of the light shift in CW spectroscopy are known for various types of clocks. The first efforts in this direction were made for rf CPT clocks, for which the light shift can be suppressed by a suitable choice of the rf modulation index of the laser field [27, 28] . However, that modulation index value is not optimal for the signal-to-noise ratio. For another type of rf clock based on optical pumping, a method of suppressing the light shift by the appropriate choice of the laser frequency ω OP , which is used for optical pumping, was proposed in Ref. [29] . Recently, a method has been proposed that can suppress the light shift for two-photon spectroscopy at the transition (5s 2 S 1/2 ) → (5d 2 D 5/2 ) in 87 Rb due to the use of two interrogating laser fields at different frequencies [30] . Therefore, the development of new effective and universal methods of suppressing the light shift for CW spectroscopy of clock transitions is currently a very relevant research topic.
In this paper, we develop two different methods for suppressing the light shift and its fluctuations in an atomic clock based on CW spectroscopy. Both methods use sequential alternating operations with two different laser powers P 1 and P 2 . The first method operates with a single combined error signal (CW-CES), constructed by subtracting the error signals obtained from the two sub-sequences (P 1 and P 2 ) with an appropriate normalization factor (calibration coefficient) dependent on the ratio P 1 /P 2 . The second method uses a two-loop approach to feed back on and stabilize the clock frequency ω as well as a second (concomitant) parameter ξ, which determines the value of the artificial anti-shift of the clock transition, i.e., in this method we introduce an active auto-compensation of the shift (ACS). The operation of CW-ACS consists of the correlated stabilization of both variable parameters ω and ξ, which leads to the light shift cancelation for the clock frequency ω. Another variant of CW-ACS using low frequency harmonic power modulation is also proposed. Both the CW-CES and the CW-ACS methods are universal and can be applied in optical clocks using one-photon and two-photon spectroscopy, as well as in rf clocks based on CPT resonances and optical pumping clocks. 
II. GENERAL DESCRIPTION OF THE LIGHT SHIFT IN ATOMIC CLOCKS
Let us consider an atomic clock (both optical and rf ranges) in which the frequency of the local oscillator ω is stabilized by a reference atomic transition with an unperturbed frequency ω 0 . For this purpose, a resonant spectroscopic signal with a characteristic linewidth γ [see Fig. 1 (a)] is used, on the basis of which the dispersion-like error signal S(δ) is generated in some known way (e.g., by the use of harmonic frequency modulation or frequency jumps) as a function of the detuning δ = ω − ω 0 [see Fig. 1(b) ]. The standard operation of an atomic clock is to use a feedback loop to stabilize the frequency ω at the zero of the error signal:
which, in the ideal case, corresponds to δ = 0, i.e. ω = ω 0 . However, under the influence of a laser field, the resonant atomic transition experiences a light shift ∆ P [see Fig. 1(a) ], which also manifests in the error signal [see Fig. 1(b) ]. In this case, the frequency stabilization can be mathematically represented as
which leads to the following result
describing the light shift in an atomic clock. In this case, the main source of ∆ P = 0 is the ac-Stark shift, which negatively affects not only the accuracy of atomic clocks, but also their long-term stability due to temporal variations in the value of ∆ P (t) caused by the power fluctuations of the laser field. Moreover, for rf clocks based on coherent population trapping, additional variations of ∆ P (t) can also occur from fluctuations in the modulation index of the laser field at the operating rf frequency ω.
In the case of rf clocks based on optical pumping, additional variations of ∆ P (t) can be caused by fluctuations of the frequency ω OP of the laser which realizes optical pumping.
Below we consider two previously unknown methods for suppressing the ac-Stark shift and its variations in atomic clocks based on CW spectroscopy.
III. CW COMBINED ERROR SIGNAL
In this section, we describe the CW method of the combined error signal (CW-CES).
We will assume that the atomic clock operates at two different values of the probe laser field power, P 1 and P 2 . For definiteness, we always assume P 2 > P 1 . Moreover, we suppose that the following conditions are fulfilled:
1. The linearity of the light shift in power:
where c is the empirical coefficient of proportionality. 2. Pure power-law dependence of the amplitude of the resonant signal and the slope of the error signal in the line center [see Fig. 1 
where b and α can be arbitrary. 3. The light shift is much smaller than the linewidth:
Let us consider now the error signals S P1 (δ) and S P2 (δ) for two values P 1 and P 2 . Because of condition (6) , near the zero of the error signals, the linear approximation can be used with good accuracy, as shown in Fig. 2(a) . Using well-known trigonometric formulas, we find the ratio of the segments 0A 2 and 0A 1 in Fig. 2(a) :
where we used expressions (4) and (5) . If we multiply the error signal S P2 (δ) by the calibration coefficient β cal , which is inverse to the ratio (7):
then the dependence β cal S P2 (δ) will cross another error signal S P1 (δ) at the point A 1 [as shown in Fig. 2(b) ], which is located on the vertical axis corresponding to the unshifted frequency, δ = 0. As a result, if we construct a combined error signal (CW-CES) as
then the dependence S CES (δ) will cross the horizontal axis at the point δ = 0, as shown in Fig. 3 . Thus, if we use CW-CES (9) to stabilize the frequency ω, as a result we get:
which means that the atomic clock light shift and its variations are suppressed. In addition, to maximize S CES (δ), the condition P 2 ≫ P 1 should hold. A general scheme of the experimental implementation of CW-CES is presented in Fig. 4 . The power modulator (PM) creates an alternating sequence of two different powers P 1 and P 2 of the laser. Note that, for example, an acousto-optical modulator or a liquid crystal followed by a polarizer can be used as the PM. Next, before entering the atomic cell, a beam-splitter is installed, which splits the laser beam into two. One of them passes through the atomic cell and forms a spectroscopic signal and error signals S P1 (δ) and S P2 (δ) using the first photodetector PD 1 . In the case of one-photon spectroscopy, this can be a transmission signal, while in the case of two-photon spectroscopy, this can be a fluorescence signal. The second beam is incident on photodetector PD 2 and is used to calculate the ratio P 1 /P 2 , i.e., to determine the calibration coefficient β cal [see Eq. (8)]. The digital block "N -box" based on data from the photodetectors PD 1 and PD 2 generates the combined error signal S CES (δ) [see Eq. (9)], which is then used to stabilize the frequency ω of the local oscillator (LO) by the condition S CES (δ) = 0.
CW-CES is a quite universal method suitable for various types of spectroscopy. For example, for one-photon spectroscopy in counterpropagating waves and in the weak saturation regime of the clock transition we have α = 1. In this case, the calibration coefficient is:
In the case of a fluorescence signal for two-photon spectrocopy, α = 2, i.e., the calibration coefficient is:
CW-CES can also be used in CPT clocks as well as for optical pumping clocks. In general, the success of the CW-CES method is directly related to how accurately the basic conditions (4)-(6) are fulfilled in experiments. In addition, in some cases, to obtain information about the laser power P , we can also use the first photodetector PD 1 . In this case, the presence of a second photodetector PD 2 is optional, which provides some technical simplification. Note also that the CW-CES method presented above can ideologically be considered the CW analog of the Ramsey-CES method developed in Ref. [19] . 
IV. AUTO-COMPENSATION OF THE LIGHT SHIFT (CW-ACS)
In this section, we develop a method to autocompensate the light shift (ACS) in CW spectroscopy (CW-ACS). Unlike the CW-CES method developed in the previous section, CW-ACS only requires the linearity of the light shift (4), while the other two conditions (5) and (6) do not matter. In CW-ACS, we assume the use of an additional electronic block (frequency shifter), which for any laser power P allows us to shift the frequency of the local oscillator ω by the value ξP , where ξ is a well-controlled and variable parameter. This shift ξP plays the role of an artificial anti-shift, which allows us to completely compensate for the actual light shift ∆ P = cP and its fluctuations. Indeed, taking into account the actual shift ∆ P and the artificial anti-shift ξP , the result of the frequency stabilization with the use of the error signal can be represented as a solution of the equation S P (δ, ξ) = S P (δ + ξP − cP ) = 0 (13) for an unknown δ. Then, obviously, for ξ = c we get δ = 0, i.e. ω = ω 0 . Below we present the implementation of the CW-ACS method in two different modifications: for stepwise and harmonic modulations of the laser power.
a) CW-ACS for stepwise modulation of power
We will assume that the atomic clock operates at two different values of the probe laser field power P 1 and P 2 . The CW-ACS method consists of the following repeating cycles. For interrogation with the laser power P 1 , the parameter ξ is fixed, and we stabilize the variable detuning δ (i.e., LO frequency ω) at the zero point of the error signal: S P1 (δ, ξ f ixed ) = 0. After this procedure, we switch to interrogation with power P 2 , where we fix the previously-obtained detuning δ and stabilize the variable parameter ξ at the zero point of the second error signal: S P2 (δ f ixed , ξ) = 0. If we continue these cycles, then the final result consists of the stabilization of both parameters, δ =δ clock and ξ =ξ, which corresponds to the solution of a system of two equations:
for two unknowns δ and ξ. The valueδ clock describes the frequency shift in an atomic clock. The Eqs. (14) are equivalent to the system given by
which obviously has the solution
Thus, we have shown that the CW-ACS method always leads to zero shift of the stabilized frequency ω in an atomic clock,δ clock = 0. Fig. 5 shows a schematic diagram of the implementation of the CW-ACS method, which has two feedback loops to stabilize δ and ξ. In this case, the first photodetector PD 1 is used to generate the error signals S P1 (δ, ξ) and S P2 (δ, ξ), while for the implementation of the artificial anti-shift ξP the readings of the second photodetector PD 2 are used. CW-ACS is a universal method for clocks based on various types of atomic spectroscopy. It can be either an optical clock using one-photon and two-photon spectroscopy, or an rf clock based on CPT resonances and optical pumping clocks.
Note that the permanent use of two feedback loops (for P 1 and P 2 ) will lead to some decrease of the short-term stability, because it increases the length of each cycle of stabilization. Therefore, from our viewpoint, the more favorable scenario is the following. In the initial period of frequency stabilization, we use the two-loop CW-ACS method. It allows us to determine the value of the concomitant parameterξ with satisfactory accuracy. Then the procedure of long-term frequency stabilization can be done by only one feedback loop for the error signal S P1 (δ,ξ) using the previously-determined parameterξ. Moreover, we can regularly (but rarely) use the two-loop CW-ACS again. First, it allows us to do a regular adjustment of the parameterξ (to eliminate, for example, an influence of possible slow variations and degradation of the electronic characteristics of the second photodetector PD 2 ). Second, such intermittent application of CW-ACS will not lead to significant slowing-down of long-term frequency stabilization. In addition, Fig. 5 shows a scheme in which we assumed for definiteness, P 1 < P 2 . However, for real experiments, the ratio between the powers P 1 and P 2 should be chosen from the optimization of the frequency stabilization procedure. We stress that the success of the CW-ACS method is directly related to how accurately the linearity condition (4) is met. In this context, it seems very relevant to continue a detailed study of light shifts for various atomic clocks in order to determine the most suitable operating modes in which the linearity condition (4) is best fulfilled.
We also note that the CW-ACS method can ideologically be considered as a CW analog of one of the variants of generalized auto-balance Ramsey spectroscopy Ref. [16, 18] , in which an additional frequency shift was used as the concomitant parameter. b) CW-ACS for low frequency harmonic modulation of power Fig. 6 shows a schematic diagram of the implementation of another version of CW-ACS using low-frequency harmonic modulation of the laser power:
where M < 1. In this case, both the actual shift ∆ P (t) = cP (t) and the artificial anti-shift ξP (t) become time-dependent according to a harmonic law with a frequency f . Note that the power modulation frequency f is much lower than the frequency of the frequency deviation used to generate the error signal S(δ), as was in Ref. [28] for CPT clock. The operation of the scheme in Fig. 6 is the following. The effect of power modulation (17) is monitored as modulation on the error signal S(δ, t) at the frequency f . This low-frequency modulation is observed on the error signal because a change in the total optical power produces a corresponding change in the atomic resonance frequency due to both the actual light shift ∆ P (t) = cP (t) and the artificial anti-shift ξP (t):
cP (t) − ξP (t) = (c − ξ)P (t) .
Then, the condition ξ = c at which the power shift contribution (18) becomes zero occurs when the f -frequency modulation on the error signal vanishes.
V. CONCLUSION
We have developed two different methods for suppressing the light shift and its fluctuations in atomic clocks based on CW spectroscopy. The first CW-CES method uses only one feedback loop to stabilize the LO frequency. Another CW-ACS method has two loops: in addition to the feedback loop for stabilizing the LO frequency ω, there is a second feedback loop for stabilizing the con-comitant parameter ξ. These methods are universal and can be applied in optical clocks using one-photon and two-photon spectroscopy, as well as in rf clocks based on CPT resonances and optical pumping clocks. We believe that the implementation of the CW-CES and CW-ACS techniques can lead to significant improvement of the accuracy and long-term stability for high-precision atomic clocks as well as for commercial atomic clocks of wide application (including chip-scale atomic clocks).
